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Abstract: We provide a classification of the IIB Dp- and NSp-branes in which the brane action
exists due to a non-trivial class of the Chevalley-Eilenberg cohomology of free differential algebras.
We then present a new geometric formulation of the IIB Dp- and NSp-branes (p ≤ 5) in which the
manifestly superinvariant Wess-Zumino terms are constructed in terms of the supersymmetric cur-
rents. The supercurrents are obtained by using supergroup manifolds corresponding to the IIB-brane
superalgebra, which is characterized by the generators of D3-, D5-, NS5- and KK5-branes in addition
to the previously introduced generators of supertranslations, F- and D-strings. The charges of D1-,
F1- and D3-branes are related to those of the M-algebra, but some charges of D5- and NS5-branes are
not. The S-duality of the type-IIB theory is realized as transformations of the supercurrents gener-
alizing the SO(2) R-symmetry of the superalgebra. We thus find that the superalgebra is lifted into
twelve-dimensions with signature (11,1).
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1. Introduction
It is now widely appreciated that super p-branes play an important role in studying non-perturbative
superstring physics [1, 2]. The existence of a p-brane is guaranteed by the existence of the correspond-
ing Wess-Zumino (WZ) term, which is needed for the κ-symmetry, or the matching of the bosonic
and fermionic degrees of freedom on the worldvolume [3]. The WZ term is determined by a closed
(p+2)-form which is shown to be characterized by non-trivial Chevalley-Eilenberg (p+2)-cocycles on
the ordinary superspace [4]. These WZ term was shown to cause topological charges and modify the
super Poincare´ algebra [5]. In the spacetime superalgebra, p-branes are expressed as p-form “central”
charges [6, 7, 8, 9].
It is known that the WZ action IWZ =
∫ LWZ is superinvariant, but the integrand LWZ is not.
The WZ term LWZ is superinvariant up to a total derivative term. A manifestly supersymmetric
1
formulation of the Green-Schwarz superstring, including the WZ term, was given by Siegel [10] based
on a superalgebra [11] which is the global limit of a superalgebra [12] found by himself. The superal-
gebra is a generalization of super Poincare´ algebra and generated by generators of supertranslations
(Pa, Qα) and those of F-strings (Z
a, Zα), where Zα is a new fermionic generator. Constructing a
suitable set of supercurrents on the corresponding supergroup manifold, he wrote down the WZ term
of the Green-Schwarz superstring in a second order expression of the supercurrents. Using this for-
mulation, p-branes (p > 1), found in the brane scan [3], were formulated by Bergshoeff and Sezgin
[13]. Introducing the p-brane superalgebras generated by generators of supertranslation and those
of p-brane (Za1···ap , . . . , Zα1···αp), they wrote down the manifestly supersymmetric WZ terms for the
p-branes, which are (p + 1)-th order in the supercurrents (further discussions on the superalgebra
are found in [14]). For the non-minimal type-II theories, type-II superstrings and IIB D-strings [15],
IIB (p, q)-strings [16, 17] and IIA D2-brane [18] are formulated by introducing the corresponding su-
peralgebras. In [15], it was pointed out that worldvolume gauge fields can be expressed in terms of
coordinates corresponding to new generators. This was further investigated in [17, 18].
In this paper, we generalize them to incorporate all the branes in the type-IIB theory. The
type-IIB theory is chiral with 16+16 Majorana-Weyl supercharges with the same chirality. The 528
components of the anti-commutator of the supercharges are distributed as
528 = 10+ 10+ 10+ 120+ 126+ 126+ 126,
among the components of generators: translations, D-strings (D9-branes), F-strings (Neveu-Schwarz
(NS) 9-branes), D3-branes (D7- and NS7-branes), D5-branes, NS5-branes and Kaluza-Klein (KK)
5-branes, respectively, where branes in the parentheses correspond to charges with a time index. It
is shown that the WZ terms for Dp- and NSp-branes are characterized by Chevalley-Eilenberg (CE)
cohomology on the ordinary superspace. The obtained WZ terms are equivalent to those obtained in
[19], and the total actions are invariant under the κ-symmetry. In order to formulate the WZ action
to be manifestly superinvariant, we introduce new generators with spinorial indices in exchange for
Lorentz indices of bosonic brane charges of the superalgebra with the maximal “central” extension, and
provide new spacetime superalgebra, the IIB-brane superalgebra. The IIB-brane superalgebra contains
various subalgebras found before: N=1 p-brane superalgebra [10, 13], the IIB-superstring superalgebra
[15], etc. The D1, F1, D3-brane and KK5-brane charges are obtained by a T-duality from those in
the M-algebra found in [20], but the D5- and NS5-brane charges with five spinorial indices are not. In
this sence, the IIB-brane superalgebra is a generalization of the M-algebra. By using the IIB-brane
superalgebra, we show that the IIB Dp- and NSp-branes (p ≤ 5) can be formulated in a manifestly
superinvariant way. Namely, the WZ terms are found to be written down in terms of the supercurrents
on the supergroup manifold corresponding to the superalgebra. New coordinates associated with new
generators are contained in a surface term, by virtue of the fiber bundle structure of our superalgebra
with the ordinary superspace being the base space. The WZ actions of the superinvariant WZ terms
are equivalent to those obtained in the CE cohomology classification. Thus, the total actions are
κ-invariant. The IIB-brane superalgebra enjoys the SO(2) symmetry, which is a generalization of the
SO(2) R-symmetry, and thus the S-duality is generalized to include new generators. The S-duality is
shown to be realized geometrically in twelve-dimensions.
This paper is organized as follows. We begin with showing that the IIBWZ terms are characterized
by the CE cohomology in sec. 2. We introduce two free differential algebras, which turn out to
correspond to D-branes and NS-branes. The obtained WZ terms are shown to be equivalent to those
of the κ-invariant D/NS p-brane actions found before. In sec. 3, introducing a set of new spacetime
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superalgebras, we construct the superinvariant WZ terms for D- and NS-branes using the supercurrents
on the corresponding group manifolds. The properties of superalgebras and the relations to the M-
algebra are discussed in sec. 4. It is shown that this IIB-brane superalgebra enjoys SO(2) symmetry.
The superalgebra is found to be lifted into twelve-dimensions with signature (11,1), while realizing the
SO(2) symmetry geometrically, in sec. 5. The last section is devoted to a summary and discussions.
2. Chevalley-Eilenberg Cohomology Classification of IIB-branes
The WZ term LWZ is known to be superinvariant up to a total derivative term. It follows that (p+2)-
form hp+2 ≡ dLWZ is superinvariant. For the p-branes [4] and the IIA Dp-branes [18], the (p+2)-form
hp+2 were characterized by being a non-trivial CE cohomology (p+2)-cocycles on superspace. In this
section, we give a classification of the IIB Dp-branes and the IIB NSp-branes using the CE cohomology
[21].
For the type-IIB theory, the Poincare´ superalgebra is generated by the translation generator Pa
and 16+16 Majorana-Weyl supercharges (Qα, Qα˜) with the same chirality, as
1
{Qα , Qβ} = (γa1)αβPa, [Pa, Qα ] = [Pa, Pb] = 0, (2.1)
where γa’s are the ten-dimensional γ-matrices satisfying {γa, γb} = 2ηab and 1 acts on a column
vector Qα =
(
Qα˜
Qα
)
. The left-invariant (LI) Maurer-Cartan one-form ΠA is defined by ΠATA = U
−1dU ,
where U is a group element and TA collectively denotes the generators of the algebra. Let (xa, θα)
be the coordinates on the corresponding group manifold, the LI one-form is expressed as Πa = dxa +
1
2 (θ¯γ
a1dθ) and Πα = dθα and provides a basis for the differential forms on the group manifold. The
LI group vielbein LM
A is read off from ΠA = dZMLM
A, where ZM denotes coordinates on the
supergroup manifold. Similarly, the right-invariant (RI) Maurer-Cartan one-form ΞA is defined by
ΞATA = dUU
−1, and the RI group vielbein RMA is read off from ΞA = dZMRMA. The RI generators
QA of the left-translation, written as QA = RA
M∂M , are regarded as the supertranslation generators,
while the LI generators DA of the right-translation, written as DA = LA
M∂M , are regarded as the
supercovariant derivatives. The LI one-form ΠA is invariant under the supertranslations.
In order to classify the IIB Dp-branes, we introduce two-form F , which is the modified field
strength of the NS⊗NS two-form gauge potential as well as the LI one-form ΠA. The non-trivial
(p + 2)-cocycles are given by closed (p + 2)-forms hp+2(Π
a,Πα,Πα˜,F) which can not be written as
the differential of a (p + 1)-form constructed from Πa,Πα,Πα˜ and F . The possible WZ terms will
be characterized as some non-trivial (p + 2)-cocycles of the cohomology of a certain free differential
algebra (FDA).
Let us consider the FDA F generated by Πa,Πα,Πα˜,F and defined by the structure relations:
dΠa = −1
2
ΠαΠβ (γa1)αβ , (2.2)
dΠα = 0, (2.3)
dF = ΠaΠαΠβ(γaσ3)αβ . (2.4)
The wedge product ∧ is to be understood here and henceforth. Given a super q-form G, the exterior
derivative acts as follows: d(F ∧ G) = F ∧ dG + (−1)qdF ∧ G. The nilpotency dd = 0 is satisfied by
1The notation and conventions are similar to [6]. The vector indices sare a = 0, 1, . . . , 9 and the spinor indices are
α,β . The charge conjugation matrix is cαβ and γ
a1···an = γ[α1 · · · γan].
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the Fierz identity: (γa1)(αβ(γ
aσ3)γδ) = 0. The superinvariant closed (p+ 2)-form can be expanded in
terms of the two-form F as
hp+2 =
[ p+2
2
]∑
n=0
1
n!
h(p+2−2n)(Πa,Πα)Fn, (2.5)
where h(p+2−2n) is a (p+2− 2n)-form written in terms of Πa and Πα. Assigning dimension [Πa] = L,
[Πα] = L1/2, [F ] = L2, [hp+2] = Lp+1, to avoid introducing extra dimensionful constants, one writes
the k-form h(k) with dimension Lk−1 as
h(k) = a(k)Πa1 · · ·Πak−2ΠαΠβ(γa1···ak−2σ(k))αβ , (2.6)
where a(k) is a constant and σ(k) is a 2×2 matrix determined below. Note that ΠαΠβ(γa1···ak−2σ(k))αβ
is non-vanishing when
σ(k) = 1, σ3, σ1 for k − 2 = 1 mod 4,
σ(k) = iσ2 for k − 2 = 3 mod 4.
(2.7)
This immediately implies that there are no non-trivial (p+2)-cocycles when p = even. This is consistent
with the fact that the IIB D and NS p-branes exist only when p =odd. Thus, the closed-ness condition
dhp+2 = 0 reduces to conditions
dh(1) = 0, dh(k) + h(k−2)dF = 0, k = 3, 5, 7, . . . , p+ 2. (2.8)
As a result, we find that the non-trivial hp+2 is constructed on the FDA F in terms of
h(1) = 0, (2.9)
h(3) = aΠaΠαΠβ (γaσ1)αβ , (2.10)
h(5) = a
2
3!
Πa1Πa2Πa3ΠαΠβ (γa1a2a3 iσ2)αβ , (2.11)
h(7) = a
22
5!
Πa1 · · ·Πa5ΠαΠβ(γa1···a5σ1)αβ , (2.12)
h(9) = a
23
7!
Πa1 · · ·Πa7ΠαΠβ(γa1···a7iσ2)αβ , (2.13)
where a is a normalization constant to be set being 1 below. In the course to obtain the above
results we used Fierz identities. In (9 + 1)-dimensions, letting φi, i = 1, 2, 3, 4, be Grassmann even
Majorana-Weyl spinors with the same chirality, Fierz identity is expressed as
(φ1Λ
1φ2)(φ3Λ
2φ4) =
1
16
∑
A
(φ1OAφ4)(φ3Λ2OAΛ1φ2), (2.14)
OA = {γa, i√
3!
γa1a2a3 ,
1√
2 · 5!γ
a1···a5}. (2.15)
In addition, a useful relation is
γa1···aN =
−(−1)N(N−1)2
(10 −N)! ǫ
a1···aN b1···b10−N γb1···b10−Nγ
♮, (2.16)
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where γ♮ = γ01···9. In particular, hp+2 is closed due to the Fierz identities for Dp-branes:
D-string : (γa)(αβ(γ
a)γ)δ˜ = 0, (2.17)
D3-brane : (γc)(αβ(γ
abc)γ)δ˜ + 2(γ
[a)(αβ(γ
b])γ)δ˜ = 0, (2.18)
D5-brane : (γb)(αβ(γ
a1···a4b)γ)δ˜ + 4(γ
[a1)(αβ(γ
a2a3a4])γ)δ˜ = 0, (2.19)
D7-brane : (γb)(αβ(γ
a1···a6b)γ)δ˜ + 6(γ
[a1)(αβ(γ
a2···a6])γ)δ˜ = 0. (2.20)
The (anti-) symmetrization with a unit weight of indices in parentheses (square brackets) is understood.
For D9-branes, the Fierz identity is
D9-brane : (γb)(αβ(γ
a1···a8b)γ)δ˜ + 8(γ
[a1)(αβ(γ
a2···a8])γ)δ˜ = 0 (2.21)
while h(11) is formally eleven-dimensional. h(11) is characterized by a(11) = 2
4
9! a and σ
(11) = σ1. The
Fierz identities (2.20) and (2.21) are obtained from (2.19) and (2.18) respectively. One finds that the
Fierz identities for Dp-brane are collectively expressed as
(γb)(αβ(γ
a1···ap−1b)γ)δ˜ + (p − 1)(γ[a1)(αβ(γa2···ap−1])γ)δ˜ = 0. (2.22)
In order to see that the obtained (p + 2)-forms are not CE cohomology trivial, we note that if there
were (p+1)-forms b(Πa,Πα ,F) such that db = hp+2, then b’s would be Lorentz invariant (p+1)-forms
with dimensions [b] = Lp+1. One sees that such a b does not exist.
D-brane actions, which are κ-invariant, have been proposed in [22, 19, 23, 24, 25, 26]. We show
that our action is κ-invariant by relating our action to the κ-invariant action of [19]. Rescaling
supercurrents as Πa → kΠa, Πα → lΠα, where k = 1√
2
and kl2 = 1, (2.2) is transformed into
Πa = −ΠαΠβ(γa1)αβ and (2.3) and (2.4) are unchanged. These are normalizations of supercurrents
used in [19]. In this normalization, numerical coefficients of h(k), k = 3, 5, 7, 9, 11, are expressed as
1, 13! ,
1
5! ,
1
7! ,
1
9! , respectively. One find that the (p + 2)-forms hp+2 constructed from these h
(k) are
identical to those of WZ terms obtained in [19]. It follows that, introducing the Dirac-Born-Infeld
action IDBI as (3.1), the combined actions, I = IDBI + IWZ , are shown to be κ-invariant as was done
there, but we do not repeat this here. In this way, we find that κ-invariant IIB Dp-brane actions are
characterized by using the CE cohomology.
In order to classify the WZ terms for NSp-branes, we consider the FDA G generated by Πa,Πα ,G
and defined by the structure relations
dΠa = −1
2
ΠαΠβ(γa1)αβ , (2.23)
dΠα = 0, (2.24)
dG = −ΠaΠαΠβ(γaσ1)αβ (2.25)
where G turns out to be the modified field strength of the Ramond⊗Ramond (R⊗R) two-form gauge
potential. The closed (p + 2)-form is expanded as hˆp+2 =
∑ 1
n! hˆ
(p+2−2n)(Πa,Πα)Gn where hˆ(k) is
expressed as hˆ(k) = b(k)Πa1 · · ·Πak−2ΠαΠβ (γa1···ak−2σ(k))αβ . Solving dhˆp+2 = 0:
dhˆ(1) = 0, dhˆ(k) + hˆ(k−2)dG = 0, k = 2, 3, 7, . . . , p + 2, (2.26)
we find
hˆ(1) = 0, (2.27)
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hˆ(3) = bΠaΠαΠβ(γaσ3)αβ , (2.28)
hˆ(5) = b
2
3!
Πa1 · · ·Πa3ΠαΠβ(γa1···a3iσ2)αβ , (2.29)
hˆ(7) = b
22
5!
Πa1 · · ·Πa5ΠαΠβ(γa1···a5σ3)αβ , (2.30)
hˆ(9) = b
23
7!
Πa1 · · ·Πa7ΠαΠβ(γa1···a7 iσ2)αβ , (2.31)
where b is a constant to be set being 1 below. The (p+2)-forms hˆp+2 constructed from these hˆ
(k)’s are
shown to be CE cohomology non-trivial, as before. As will be seen in the next section, hˆp+2 is related
to hp+2 by the S-duality. We regard the branes associated to the WZ terms characterized by the above
as the IIB NS-branes. For the 3-brane, we call it D3-brane since the WZ term is transformed to that
of the D3-brane by a vector-vector duality on the worldvolume gauge field (see sec. 3.2). The 7-branes
will be regarded as the NS7-branes.
hˆp+2 is closed due to Fierz identities :
F-string : (γa)(αβ(γ
a)γδ) = 0, (2.32)
D3-brane : (γc)(αβ(γ
abc)γ)δ˜ + 2(γ
[a)(αβ(γ
b])γ)δ˜ = 0, (2.33)
NS5-brane :
{
(γb)(αβ(γ
a1···a4b)γδ) = 0,
(γb)αβ(γ
a1···a4b)γ˜δ˜ − (γb)γ˜δ˜(γa1···a4b)αβ + 16(γ[a1)αγ˜(γa2a3a4])βδ˜ = 0,
(2.34)
NS7-brane : (γb)(αβ(γ
a1···a6b)γ)δ˜ + 6(γ
[a1···a5)(αβ(γa6])γ)δ˜ = 0. (2.35)
In the second line of (2.34), the symmetrization of (α, β) and that of (γ˜, δ˜) are understood. Note that
(2.20) is different from (2.35) while h(9) is the same as hˆ(9). The identity (2.35) is obtained from (2.19)
and the first line of (2.34).
For NS9-branes, the Fierz identity is
NS9-brane :
{
(γb)(αβ(γ
a1···a8b)γδ) = 0,
(γb)αβ(γ
a1···a8b)γ˜δ˜ − (γb)γ˜δ˜(γa1···a8b)αβ + 32(γ[a1)αγ˜(γa2···a8])βδ˜ = 0,
(2.36)
while h(11) is formally eleven-dimensional. One finds that h(11) is characterized by b(11) = 2
4
9! b and
σ(11) = σ3. The second line of (2.36) is obtained from
(γ[a)αβ(γ
b])γ˜δ˜ + (γ
c)αγ˜(γ
ab
c)βδ˜ = 0, (2.37)
where the symmetrization of (α, β) and that of (γ˜, δ˜) are understood. We find that the Fierz identities
for NS/D p-branes are collectively expressed as
(γa1···ap−1biσ2τ
p+1
2 )(αβ(γ
b1)γδ) + (p− 1)(γ[a1···ap−2iσ2τ
p−1
2 )(αβ(γ
ap−1]τ)γδ) = 0, (2.38)
where τ = σ1 for NSp-branes and τ = σ3 for Dp-branes. In this way, we have classified the WZ terms
for NSp-branes. Denoting the obtained WZ action as IˆWZ and introducing IˆDBI as (3.7), one expects
that the combined actions, Iˆ = IˆDBI + IˆWZ , are shown to be κ-invariant. In fact, Iˆ can be rewritten
as the κ-invariant actions I by the redefinition of supercurrents: Πα → σΠα , where σ = ±1√
2
(1 + iσ2),
as will be seen in sec.3. We expect that the same procedure employed in showing the κ-invariance of
Dp-branes will work here.
We have classified closed superinvariant (p+2)-forms hp+2 and hˆp+2, and then the WZ term LWZ
for Dp-branes and LˆWZ for NSp-branes, respectively. In the next section, we construct the WZ terms
for Dp- and NSp-branes (p ≤ 5) in a manifestly supersymmetric way.
6
3. Supersymmetric Wess-Zumino Terms
We construct the manifestly superinvariant WZ terms using the supercurrents on the supergroup
manifolds of the corresponding superalgebras. We discuss the relations of these superalgebras to the
M-algebra and the IIA superalgebra in the next section.
The Dp-brane action is composed of the Dirac-Born-Infeld (DBI) action and the WZ action. The
DBI action is (background scalars are omitted)
IDBI =
∫
Mp+1
dp+1ξ
√
−det(ΠaiΠbjηab −Fij). (3.1)
where Mp+1 is the worldvolume of the Dp-brane and Πai is the pullback to the worldvolume of the
supercurrent corresponding to translations. The two-form F is the modified field strength of the
NS⊗NS two-form gauge potential B(2), and defined by F = db−B(2), where b is the Born-Infeld U(1)
gauge field on the worldvolume. The DBI action is manifestly supersymmetric.
The WZ action for Dp-branes is defined as
IWZ =
∫
Mp+1
eF ∧ C, C =
⊕
n
C(n), (3.2)
where C(n) is characterized by the pullback to the worldvolume of the n-form R⊗R gauge potential
C
(n).2 The WZ action IWZ is superinvariant. The invariance is however not manifest, since the
integrand defined by LWZ ≡ [eF ∧ C]p+1 is not superinvariant. The WZ term is said to be quasi-
superinvariant; superinvariant up to a total divergence, δLWZ = dO. We show that the WZ term for
Dp-branes can be constructed to be manifestly superinvariant in terms of supersymmetric currents on
the corresponding supergroups. To do this, we recall that we have introduced hp+2 as hp+2 = dLWZ
in the previous section. It follows that
h(3) = dC(2), (3.3)
h(5) = dC(4) + dFC(2), (3.4)
h(7) = dC(6) + dFC(4), (3.5)
h(9) = dC(8) + dFC(6). (3.6)
We determine C(k), k = 2, 4, 6, by solving the above equations recursively in terms of supersymmetric
currents on the supergroups manifolds corresponding to spacetime superalgebras for D-strings, D3-
branes and D5-branes, respectively.
For NSp-branes, the DBI action is expressed as (omitting the background scalar fields)
IˆDBI =
∫
Mp+1
dp+1ξ
√
−det(ΠaiΠbjηab − Gij), (3.7)
and is manifestly superinvariant. The G is defined by G = dc−C(2), where C(2) is the R⊗R two-form
gauge potential and c is a worldvolume gauge field. Instead of the DBI action, one can use the kinetic
term of the Green-Schwarz action for F-strings, which is manifestly supersymmetric too. We define
WZ action as
IˆWZ =
∫
Mp+1
eG ∧ B, B = B(0) − B(2) + B(4) − B(6) + B(8) − B(10). (3.8)
2We do not distinguish spacetime gauge potentials and the pullback to the worldvolume of them, but use the same
characters, throughout this paper.
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We have introduced hˆp+2 as hˆp+2 = dLˆWZ in the previous section. It follows that
hˆ(3) = −dB(2), (3.9)
hˆ(5) = dB(4) − dGB(2), (3.10)
hˆ(7) = −dB(6) + dGB(4), (3.11)
hˆ(9) = dB(8) − dGB(6). (3.12)
We show that B(k), k = 2, 4, 6, can be constructed in terms of supersymmetric currents on the super-
groups manifolds corresponding to spacetime superalgebras for F-strings, D3-branes and NS5-branes,
respectively.
3.1 D- and F-strings
In order for the present paper to be self-contained, we begin with describing the IIB D- and F-strings
following [15, 16].
For D-strings, we introduce LI Maurer-Cartan (MC) equations corresponding to supertranslations:
dΠa = −12ΠαΠβ (γa1)αβ ,
dΠα = 0,
(3.13)
and D-strings:
dΠa
′ = −12ΠαΠβ (γaσ1)αβ ,
dΠα
′ = −ΠβΠa′(γa1)αβ −ΠβΠa(γaσ1)αβ ,
(3.14)
which are T-dual to the MC equations for D0- and D2-branes obtained from the M-algebra as will be
seen in sec. 4.2. MC equations contain equivalent information about the algebra:
[DA,DB} = fABCDC ⇐⇒ dΠC = −1
2
ΠB ∧ΠAfABC , (3.15)
where DA is dual to Π
A and denotes the LI generators of the right-transformation collectively. The
structure constants of the supersymmetry algebra generated by the RI generators QA of the left-
transformation is identical to those of the algebra generated by the LI generators DA of the right-
transformation up to a sign. Keeping this in mind, we call the MC equations of the LI one-forms
the dual to the superalgebra for short, throughout this paper. The Jacobi identities of the algebra
are satisfied if and only if the integrability conditions d2 = 0 on the dual forms hold. We call the
superalgebra corresponding to (3.13) and (3.14) the D-string superalgebra. The supersymmetric WZ
term LWZ = C(2) for D-strings is constructed in terms of these supercurrents on the corresponding
supergroup manifold as3
C(2) = −ΠaΠa′ − 1
2
ΠαΠα
′. (3.16)
In fact, one can see that dC(2) = ΠaΠαΠβ(γaσ1)αβ , and then h3 = h(3), which is (2.10) given by the
FDA F, is obtained. This is consistent with (2.25) of the FDA G.
3This (pullback of the) two-form gauge potential C(2) is not used for the D-string action, rather is used for (p, q)-string
action. We do not distinguish between them throughout this paper.
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In turn for F-strings, MC equations for supertranslation (3.13) and F-strings:
dΠa = +
1
2Π
αΠβ (γaσ3)αβ
dΠα = +Π
βΠa(γaσ3)αβ −ΠβΠa(γa1)αβ ,
(3.17)
are needed. We call the corresponding superalgebra the F-string superalgebra. In terms of these
supercurrents on the corresponding supergroup manifold, supersymmetric WZ term LˆWZ = −B(2) for
F-strings is constructed by
B(2) = −ΠaΠa − 1
2
ΠαΠα . (3.18)
In fact, one can get dB(2) = −ΠaΠαΠβ(γaσ3)αβ , and then hˆ3 = hˆ(3), which is (2.28) obtained from
the FDA G. This is consistent with (2.4) of the FDA F.
New coordinates for D- and F-string charges are contained in a total derivative term. h(3) and
hˆ(3) can be regarded as the pullback to the worldvolume of the field strengths of the spacetime
gauge potentials, H(3) = dC(2) and −G(3) = −dB(2), which are invariant under the spacetime gauge
transformations
δC(2) = dΛ(1), δB(2) = dΩ(1). (3.19)
We regard B(2) and C(2) as (the pullback to the worldvolume of) the spacetime gauge potentials B(2)
and C(2), respectively. The S-duality
B
(2) → −C(2), C(2) → B(2), (3.20)
maps the F-string WZ term LˆWZ to the D-string one LWZ. The S-duality transformations (3.20) can
be expressed as a set of transformations of the supercurrents:
Πa → Πa, Πa → −Πa′, Πa′ → Πa, Πα → σΠα , Πα → −σΠα ′, Πα ′ → σΠα , (3.21)
where σ = ±1√
2
(1 + iσ2). These transformations are regarded as the generalized R-symmetry which
acts not only on Πα but also on Πα
′ and Πα , as will be seen in the sec. 4.2.
3.2 D3-branes
For D3-branes, we introduce MC equations:
dΠabc =
1
2Π
αΠβ(γabciσ2)αβ ,
dΠabα = Π
βΠabc(γ
c1)αβ −ΠβΠc(γabciσ2)αβ + 2ΠβΠa(γbσ1)αβ + 2ΠβΠa′(γbσ3)αβ ,
dΠaαβ = −12ΠabcΠb(γc1)αβ + 14ΠabγΠγ (γb1)αβ + 2ΠabαΠγ (γb1)βγ − 12ΠbΠc(γabciσ2)αβ
−12ΠbΠb′(γaσ3)αβ − 12ΠbΠb(γaσ1)αβ +ΠbΠa′(γbσ3)αβ +ΠbΠa(γbσ1)αβ
−14ΠγΠγ ′(γaσ3)αβ − 14ΠγΠγ (γaσ1)αβ − 12ΠbΠa′(γb1)αβ − 12ΠaΠb′(γb1)αβ
−2ΠγΠα(γaσ1)βγ − 2ΠγΠα ′(γaσ3)βγ ,
dΠα1α2α3 = 2Π
aΠabα1(γ
b1)α2α3 +Π
βΠaβα1(γ
a1)α2α3 + 5Π
βΠaα1α2(γ
a1)α3β − 3Πa′Πα1(γa1)α2α3
+3ΠaΠα1
′(γa1)α2α3 − 5ΠaΠα1 ′(γaσ3)α2α3 − 5ΠaΠα1(γaσ1)α2α3 ,
(3.22)
in addition to MC equations for supertranslations (3.13), F-strings (3.17) and D-strings (3.14). We call
the superalgebra corresponding to (3.13), (3.17), (3.14) and (3.22) the D3-brane superalgebra. The
MC equations (3.22) are T-dual to those of D2-branes and D4-branes obtained from the M-algebra as
will be seen in sec. 4.3.
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We find that the supersymmetric WZ term is constructed as
LWZ = C(4) + F ∧ C(2), (3.23)
where
C(4) = C(4) + 1
2
C
(2)
B
(2), (3.24)
C
(4) =
1
6
ΠaΠbΠcΠabc − 29
140
ΠaΠbΠαΠabα − 3
35
ΠaΠαΠβΠaαβ +
1
140
ΠαΠβΠγΠαβγ
− 3
35
ΠaΠaC
(2) +
3
35
ΠaΠa
′
B
(2), (3.25)
and C(2) and B(2) are found in (3.16) and (3.18), respectively. In fact, this implies
dC(4) − dB(2)C(2) = 1
3
Πa1Πa2Πa3ΠαΠβ(γa1a2a3iσ2)αβ , (3.26)
and the right hand side is the h(5) found in (2.11), that is dLWZ = h5. This supersymmetric WZ term
is equivalent to the WZ term obtained in sec. 2 up to a total derivative. New coordinates are contained
in a surface term as was shown in the case of F- and D-strings. To see this, we introduce coordinates
xa and θα on the supergroup manifold associated with the generators for the supertranslations Pa and
Qα , respectively. One finds that for any parametrization of the supergroup manifold the supercurrents
Πa and Πα are expressed as Πa = dxa+ 12(θ¯γ
a1dθ) and Πα = dθα , because of the fiber bundle structure
of our superalgebra with the ordinary superspace characterized by (3.13) being the base space. This
implies that the terms containing new coordinates in LWZ are eliminated by an exterior derivative d
and thus contained in a surface term. This is a universal property of our formulation.
We can construct the WZ term for D3-branes in a different form. The supersymmetric WZ term
is
LˆWZ = B(4) − G ∧ B(2) (3.27)
where
B(4) = C(4) − 1
2
C
(2)
B
(2). (3.28)
In fact, one can show that
dB(4) + dC(2)B(2) = 1
3
Πa1Πa2Πa3ΠαΠβ (γa1a2a3iσ2)αβ , (3.29)
and the right hand side is the hˆ(5) found in (2.29). We have shown that dLˆWZ = h5 and new
coordinates are contained in a surface term as was seen above. The superinvariant WZ terms LWZ
and LˆWZ are equivalent to those obtained in sec. 2 up to a total derivative, and thus the total actions
are κ-invariant.
Now let us comment on the relation between LWZ and LˆWZ . First, I = IDBI+IWZ is transformed
to Iˆ = IˆDBI + IˆWZ by a vector-vector duality transformation [27, 28], b ↔ c. We add a Lagrange
multiplier term 12Λ
ij(Fij − 2∂ibj + B(2)ij ) to I. Solving for bi implies that Λij = −ǫijkl∂kcl, where
ci is a vector field dual to bi and turns out to be the worldvolume gauge field associated with the
R⊗R two-form C(2). One obtains Iˆ after eliminating Fij using the equations of motion. The term
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1
2C
(2)
B
(2) emerged in (3.24) and (3.28) in our formulation. This is consistent with the spacetime gauge
transformations as will be seen below.
Second, the action Iˆ is mapped to the action I under the S-duality transformations: (3.20) and
C
(4) → C(4), (3.30)
G → F , F → −G, c→ b, b→ −c. (3.31)
These two imply that I is self-dual by itself under the S-duality and the worldvolume vector-vector
duality transformation. The same is true for Iˆ.
Third, h(5) and hˆ(5) are identical from the expression in terms of the supercurrents as well as
the spacetime gauge potentials. These are regarded as the pullback to the worldvolume of the field
strength H(5) of the spacetime gauge potential C(4)
H
(5) = dC(4) − 1
2
C
(2)dB(2) +
1
2
B
(2)dC(2). (3.32)
The Bianchi identity is dH(5) − H(3)G(3) = 0, which corresponds to dh(5) + h(3)dF = 0 of (2.8) or
dhˆ(5) + hˆ(3)dG = 0 of (2.26). H(5) is invariant under the spacetime gauge transformations: (3.19) and
δC(4) = dΛ(3) +
1
2
dΛ(1)B(2) − 1
2
dΩ(1)C(2). (3.33)
F and G are gauge invariant by definition of the gauge transformations of the worldvolume gauge
fields b and c: δb = dω +Ω(1) and δc = dλ+Λ(1), where ω and λ are worldvolume scalars. The gauge
invariances of IWZ and IˆWZ are equivalent to the gauge quasi-invariances of LWZ and LˆWZ , and then
to the gauge invariances, δh(5) = δh(3) = 0 and δhˆ(5) = δhˆ(3) = 0. These are guaranteed by the gauge
invariances of H(5), H(3) and G(3).
Finally, the S-duality transformations (3.30) can be expressed as a set of transformations of
supercurrents: (3.21) and
Πabc → Πabc, Πabα → Πab(σα), Πaαβ → Πa(σα)(σβ ), Παβγ → Π(σα)(σβ )(σγ), (3.34)
where Πab(σα) = σ
(Πabα˜
Πabα
)
etc. These transformations are shown to be the generalized R-symmetry,
and thus the S-duality is realized as an automorphism of the D3-brane superalgebra, as will be seen
in the sec. 4.3.
3.3 D5- and NS5-branes
For D5-branes, we begin with MC equations listed in the appendix A, in addition to those for super-
translations (3.13), F-strings (3.17), D-strings (3.14) and D3-branes (3.22). We call the corresponding
superalgebra the D5-brane superalgebra. We find that the supersymmetric WZ terms for D5-branes
can be constructed in terms of the supercurrents on the corresponding supergroup manifold as
LWZ = C(6) +FC(4) + 1
2
F2C(2), (3.35)
where
C(6) = C(6) + 1
3
B
(2)
C
(4) +
1
6
B
(2)
B
(2)
C
(2) (3.36)
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and
C
(6) = − 1
90
Πa1 · · ·Πa5ΠDa1···a5 +
281
13860
Πa1 · · ·Πa4ΠαΠDa1···a4α +
52
3465
Πa1Πa2Πa3ΠαΠβΠDa1a2a3αβ
− 47
13860
Πa1Πa2Πα1Πα2Πα3ΠDa1a2α1α2α3 +
1
462
ΠaΠα1 · · ·Πα4ΠDaα1···α4 +
1
6930
Πα1 · · ·Πα5ΠDα1···α5
+ΠaΠa
[ 19
1115
ΠaΠbΠαΠabα +
2
165
ΠaΠαΠβΠaαβ −
19
13860
ΠαΠβΠγΠαβγ
]
+
1
2
ΠαΠα
[ 52
3465
ΠaΠbΠcΠabc − 3
770
ΠaΠbΠαΠabα +
4
1155
ΠaΠαΠβΠaαβ −
1
1540
ΠαΠβΠγΠαβγ
]
+
3
385
B
(2)(B(2)ΠaΠa
′ −C(2)ΠaΠa)− 1
231
ΠaΠa(B
(2)ΠbΠb
′ −C(2)ΠbΠb). (3.37)
In fact, one finds that
dC(6) + C(4)dF = 1
30
Πa1 · · ·Πa5ΠαΠβ(γa1···a5σ1)αβ , (3.38)
so that dLWZ = h7. The supersymmetricWZ term is thus obtained, and new coordinates are contained
in a surface term, due to the fiber bundle structure of our superalgebra.
For NS5-branes, we use the MC equations listed in the appendix B in exchange for those for
D5-branes. The corresponding superalgebra is called the NS5-brane superalgebra. We find that the
supersymmetric WZ term for NS5-branes can be constructed as
LˆWZ = −B(6) + GB(4) − 1
2
G2B(2), (3.39)
where
B(6) = B(6) − 1
3
C
(2)
C
(4) +
1
6
C
(2)
C
(2)
B
(2) (3.40)
and
B
(6) = − 1
90
Πa1 · · ·Πa5ΠNSa1···a5 +
281
13860
Πa1 · · ·Πa4ΠαΠNSa1···a4α +
52
3465
Πa1Πa2Πa3ΠαΠβΠNSa1a2a3αβ
− 47
13860
Πa1Πa2Πα1Πα2Πα3ΠNSa1a2α1α2α3 +
1
462
ΠaΠα1 · · ·Πα4ΠNSaα1···α4 +
1
6930
Πα1 · · ·Πα5ΠNSα1···α5
−ΠaΠa′
[ 19
1155
ΠaΠbΠαΠabα +
2
165
ΠaΠαΠβΠaαβ −
19
13860
ΠαΠβΠγΠαβγ
]
−1
2
ΠαΠα
′
[ 52
3465
ΠaΠbΠcΠabc − 3
770
ΠaΠbΠαΠabα +
4
1155
ΠaΠαΠβΠaαβ −
1
1540
ΠαΠβΠγΠαβγ
]
+
3
385
C
(2)(C(2)ΠaΠa −B(2)ΠaΠa′)− 1
231
ΠaΠa
′(C(2)ΠbΠb −B(2)ΠbΠb′). (3.41)
In fact, one find that
−dB(6) + B(4)dF = 1
30
Πa1 · · ·Πa5ΠαΠβ (γa1···a5σ3)αβ , (3.42)
so that dLˆWZ = hˆ7. The supersymmetricWZ term is thus obtained, and new coordinates are contained
in a surface term. In summary, we obtained the superinvariant WZ terms LWZ and LˆWZ of D5- and
NS5-branes respectively. The total actions are identical to those found in sec. 2 up to a surface term,
and κ-invariant.
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The relations of the superinvariant WZ terms of NS5- and D5-branes are as follows. h(7) and hˆ(7)
are regarded as the pullback to the worldvolume of the field strengths H(7) and −G(7) of the spacetime
gauge potentials C(6) and B(6)
H
(7) = dC(6) − 2
3
C
(4)
G
(3) +
1
3
B
(2)
H
(5), G(7) = dB(6) +
2
3
C
(4)
H
(3) − 1
3
C
(2)
H
(5). (3.43)
The Bianchi identities are
dH(7) −H(5)G(3) = 0, dG(7) +H(5)H(3) = 0, (3.44)
which correspond to dh(7) + h(5)dF = 0 of (2.8) and dhˆ(7) + hˆ(5)dG = 0 of (2.26). The field strengths
(3.43) are invariant under the spacetime gauge transformations: (3.19), (3.33) and
δC(6) = dΛ(5) +
2
3
dΛ(3)B(2) − 1
3
dΩ(1)C(4) − 1
6
dΩ(1)B(2)C(2) +
1
6
dΛ(1)B(2)B(2), (3.45)
δB(6) = dΩ(5) − 2
3
dΛ(3)C(2) +
1
3
dΛ(1)C(4) − 1
6
dΛ(1)B(2)C(2) +
1
6
dΩ(1)C(2)C(2). (3.46)
The gauge invariances of I and Iˆ are assured by δh(7) = 0 and δhˆ(7) = 0, which are guaranteed by the
gauge transformations (3.19), (3.33), (3.45) and (3.46). Thus we have obtained the gauge invariant,
κ-invariant and manifestly superinvariant IIB D/NS5-brane action.
The WZ terms LWZ for D5-branes and LˆWZ for NS5-branes are related by the S-duality: (3.20),
(3.30), (3.31) and
B
(6) → −C(6), C(6) → B(6). (3.47)
Under these transformations, the DBI actions IDBI and IˆDBI are interchanged, and thus the obtained
actions I and Iˆ are S-dual to each other. The S-duality transformations are expressed as transforma-
tions on the supercurrents as
ΠNSa1···a5 →−ΠDa1···a5 , ΠNSa1···a4α→−ΠDa1···a4(σα), ΠNSa1···a3αβ→−ΠDa1···a3(σα)(σβ),
ΠNSa1a2α1···α3→−ΠDa1a2(σα1)···(σα3), ΠNSaα1···α4 →−ΠDa(σα1)···(σα4), ΠNSα1···α5 →−ΠDa(σα1)···(σα5),
ΠDa1···a5 →ΠNSa1···a5 , ΠDa1···a4α→ΠNSa1···a4(σα), ΠDa1···a3αβ→ΠNSa1···a3(σα)(σβ ),
ΠDa1a2α1···α3→ΠNSa1a2(σα1)···(σα3), ΠDaα1···α4 →ΠNSa(σα1)···(σα4), ΠDα1···α5 →ΠNSa(σα1)···(σα5).
(3.48)
These transformations are shown to be the generalized R-symmetry, and thus the S-duality is realized
as an automorphism of our superalgebra, as will be seen in the sec. 4.4 and 4.5.
3.4 Reduction to N=(1,0)
Our superalgebra contains N=(1,0) superalgebras as its subalgebra.
The F-string superalgebra corresponding to (3.13) and (3.17) is schematically described as
{Qα, Qα} ∼ P+, {Qα˜, Qα˜} ∼ P−, [Qα, P+] ∼ Zα, [Qα˜, P−] ∼ Z α˜, (3.49)
where P± denotes Pa ± Za. The quotient algebra with respect to the ideal {Qα˜, P−, Z α˜} is the N=1
superalgebra found in [11]. The WZ term for N=1 F-strings is characterized by h(3) = ΠaΠαΠβ(γa)αβ .
One finds that the superinvariant WZ term is expressed as LWZ = −B(2) where B(2) = −ΠaΠa −
1
2Π
αΠα. This agrees with the one found in [10].
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Keeping only QAˆ, Z
Aˆ and ZAˆ1···Aˆ5 , where Aˆ collectively denotes a and α, in the NS5-brane super-
algebra, we obtain N=(1,0) NS5-brane superalgebra, which is similar to those obtained in [29] (with a
trivial scaling of Πα1···α5). The WZ term LWZ is characterized by h(7) = 130Πa1 · · ·Πa5ΠαΠβ(γa1···a5)αβ .
The superinvariant WZ term is LWZ = −B(6) where
B(6) = − 1
90
Πa1 · · ·Πa5ΠNSa1···a5 +
281
13860
Πa1 · · ·Πa4ΠαΠNSa1···a4α +
52
3465
Πa1Πa2Πa3ΠαΠβΠNSa1a2a3αβ
− 47
13860
Πa1Πa2Πα1Πα2Πα3ΠNSa1a2α1α2α3 +
1
462
ΠaΠα1 · · ·Πα4ΠNSaα1···α4
+
1
6930
Πα1 · · ·Πα5ΠNSα1···α5 . (3.50)
The new coordinates in the WZ term are found to be contained in a surface term.
4. The IIB-Brane Superalgebra
In the previous section, we have introduced a set of superalgebras. Let us derive and discuss these
superalgebras with keeping the relations to the M-algebra in this section.
Foe this purpose, we briefly describe the relation of branes in the type-IIB theory to those in the
M-theory. Eleven-dimensional M-theory contains 32 Majorana supercharges Qα. The 528 components
of the anti-commutator {Qα, Qβ} of the supercharges are decomposed into generators for translations,
M2-branes and M5-branes as 528 = 11+ 55+ 462:
Translation Pµ 11
M2-brane (M9-brane) Zµν 55
M5-brane (MKK6-brane) Zµ1···µ5 462
where µ, ν, . . . are eleven-dimensional Lorentz indices. In the parentheses, we write the branes corre-
sponding to charges with a time index. One calls these branes M-branes collectively.
The IIA-branes in ten-dimensions are obtained by a dimensional reduction of the M-branes with
respect to eleven-th direction, say ♮-direction. The 32 components of Majorana supercharges in eleven-
dimensions are reduced to 16+16 Majorana-Weyl spinors (Qα, Qα˙) with the opposite chirality. The
IIA-branes are related to the M-branes as
Translation Pa 9 (1)
D0-brane P♮ 1
F-string (NS9-brane) Z♮a 9 (1)
D2-brane (D8-brane) Zab 36 (9)
D4-brane (D6-brane) Z♮a1···a4 126 (84)
NS5-brane (KK5-brane) Za1···a5 126 (126)
where a, b, . . . are ten-dimensional Lorentz indices. The generators for translations and D0-branes
originate from those for translations in eleven-dimensions, the generators for F-strings and D2-branes
from those for M2-branes, and the generators for D4-branes and NS5-branes from those for M5-branes.
The IIB-branes are related to the above IIA-branes under a T-duality transformation. The type-
IIB theory is chiral, which has 16+16 Majorana-Weyl supercharges (Qα, Qα˜) with the same chirality. In
order to change the chirality of a half of the IIA supercharges, Qα˙ are multiplied by a ten-dimensional γ-
matrix γ♯, where the ♯-direction is a space-like direction with respect to which a T-duality is performed.
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One finds that the obtained algebra is rewritten in a ten-dimensional covariant form under the following
identifications of the IIB-brane charges and the M-brane charges:
Translation Pa = Pi ⊕ Z♮♯ 10
F-string (NS9-brane) Za = Z♮i ⊕ P♯ 9 (1)
D-string (D9-brane) Σa = Z♯i ⊕ P♮ 9 (1)
D3-brane (NS/D7-brane) Σabc = Z♮♯ijk ⊕ Zij 84 (36)
D5-brane Σm1···m5 ∼ Z♮0p1p2p3 ⊕ Z♮p1···p4 126
NS5-brane Zm1···m5 ∼ Z♯p1···p4 ⊕ Z0♯p1p2p3 126
KK5-brane P 0m1···m4 ∼ Z0p1···p4 ⊕ Zp1···p5 126
where m runs all of the nine spacelike directions, but p runs except for the ♯-direction. i runs ten
spacetime directions except for the ♯-direction. The D5-, NS5- and KK5-brane charges are self-dual.
The “∼” means the equivalence up to the self-duality relation. It follows that the S-duality in the
IIB-branes is rephrased as a modular transformation on T 2 spanned by (♮, ♯).
4.1 M-algebra, IIA-brane superalgebra and T-duality
The ordinary superspace, which is the supertranslation group (“superPoincare´”/“Lorentz”) generated
by QA = (Pa, Qα) is regarded as a generalization of the spacetime which is the translation group
(“Poincare´”/“Lorentz”) generated by Pa (Lorentz group is an automorphism of the algebra). We
now extend the ordinary superspace to those spanned by generators of p-branes ZA1···Ap as well as
QA. In order to consider the relations of the IIB-brane superalgebra to the M-algebra, we begin with
describing the M-algebra [20], which is an eleven dimensional superalgebra generated by4
Supertranslation QM ⇔ ΠM
M2-brane (M9-brane) ZMN ⇔ ΠMN
M5-brane (MKK6-brane) ZM1···M5 ⇔ ΠM1···M5
where eleven-dimensional Lorentz indices µ and 32-component Majorana spinor indices α are collec-
tively denoted as M,N, · · ·, so that QM = (Pµ, Qα), ZMN = (Zµν , Zµα, Zαβ), etc. The right hand
sides of arrows denote the corresponding LI one-form on the supergroup manifold.
The IIA-brane superalgebra is obtained by a dimensional reduction of this M-algebra to ten-
dimensions, and generated by
Supertranslation QA ⇔ ΠA = (Πa,Πα,Πα˙)
F-string (NS9-brane) ZA ⇔ ΠA = (Π♮a,Π♮α,Π♮α˙)
D0-brane Σ ⇔ Π = (Π♮)
D2-brane (D8-brane) ΣAB ⇔ ΠAB = (Πab, · · ·)
D4-brane (D6-brane) ΣA1···A4 ⇔ ΠA1···A4 = (Π♮a1···a4 , · · ·)
NS5-brane (KK5-brane) ZA1···A5 ⇔ ΠA1···A5 = (Πa1···a5 , · · ·)
where the indices A,B, · · · collectively denote ten-dimensional Lorentz indices a and 16-component
Majorana-Weyl spinor indices α and α˙ with positive and negative chirality, respectively. Branes
corresponding to the generators with a time index are listed in parentheses. Dots denote the forms
with Lorentz indices exchanged for spinorial indices of the corresponding forms.
4We omit “superstring” contained in the M-algebra.
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In order to obtain the type-IIB theory, we must take a T-dual with respect to a space-like direction
x♯. As a T-duality transformation (see [7]), we perform a dimensional reduction to nine-dimensions
with respect to x♯ and change the chirality of dotted spinors by multiplying γ♯ as: Πaα˜ = (γ
♯)β˙ α˜Πaβ˙
etc.
One may apparently expect that the IIB-brane superalgebra would be completely obtained by a
T-duality from the IIA-brane superalgebra. We find however that the generators of supertranslations,
F-strings, D-strings and D3-branes originate from those of the IIA-brane superalgebra, but some
charges of IIB D5- and IIB NS5-branes are not obtained by a T-duality as will be seen below.
4.2 Supertranslations, F-strings and D-strings
The superalgebra in presence of F-strings and/or D-strings are related to those in presence of F-strings
and/or D0- and D2-branes in the IIA superalgebra under a T-duality. This is found to be rewritten
in a ten-dimensional covariant form under the identification [15]:
Supertranslation QA ⇔ Πˆa = (Πi,Π♮♯), Πˆα = Πα ,
F-string ZA ⇔ Πˆa = (Π♮i,Π♯), Πˆα = Π♮α ,
D-string ΣA ⇔ Πˆ′a = (Π♯i,−Π♮), Πˆ′α = Π♯α .
(4.1)
The F-string superalgebra is generated by (QA, Z
A) and the corresponding MC equations are (3.13)
and (3.17). The D-string superalgebra is generated by (QA,Σ
A) and the corresponding MC equations
are (3.13) and (3.14). We denote these superalgebras as sP [ZA] and sP [ΣA], respectively. The Jacobi
identities, or equivalently the integrability conditions d2 = 0, are guaranteed by the Fierz identities:
(γa)(αβ(γ
a)γδ) = 0 for F-strings, and (γa)α˜(β(γ
a)γδ) = 0 for D-strings, which are encountered in (2.32)
and (2.17) in the CE cohomology classification of IIB-branes.
The S-duality is expressed as a modular transformation on T 2 spanned by (♮, ♯). Now, this
generalizes to include new fermionic generators Πˆα and Πˆ
′
α . One finds that under the S-duality
transformation (3.21), the spacetime superalgebra (3.17) interchanges with (3.14) and (3.13) stays
invariant.
The superalgebra generated by generators listed in (4.1), denoting sP [ZA,ΣA], contains various
subalgebras. Noting that new fermionic generators are the centers of the algebra sP [ZA,ΣA], and
that Za and Σa are the centers of the algebra sP [Za,Σa], one finds
sP [ZA,ΣA] ⊃


sP [
(ZαZα˜
Za
)
,
(Σα
Σa
)
]
...
sP [
(
Zα˜
Za
)
,
(
ΣαΣα˜
Σa
)
]
⊃ · · · ⊃ sP [Za,Σa] ⊃
{
sP [Za]
sP [Σa]
⊃ sP, (4.2)
where sP is generated by QA as (3.13). The superalgebra sP [Z
A,ΣA] contains sP [ZA] or sP [ΣA] as
a subalgebra since ZA and ΣA are ideals of the algebra sP [ZA,ΣA]
sP [ZA,ΣA] ⊃


sP [ZA] ⊃
{
sP [
(Zα
Za
)
]
sP [
(
Zα˜
Za
)
]
⊃ sP [Za],
sP [ΣA] ⊃
{
sP [
(
Σα
Σa
)
]
sP [
( Σα˜
Σa
)
]
⊃ sP [Σa],
⊃ sP. (4.3)
Due to the property that the superalgebras contain sP as a subalgebra, coordinates corresponding to
the generators ZA and ΣA are not contained in supercurrents ΠA. The fiber bundle structure with
the base space sP is a universal structure of our superalgebras.
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4.3 D3-branes
The D3-brane charges with three bosonic indices are related to those of the wrapped D4-brane and
unwrapped D2-brane in the IIA superalgebra, which are Zp1p2 and Z♮♯p1p2p3 in the M-algebra, where
pi runs 1 to 9 except for ♯. We find that the superalgebra obtained by a T-duality from the IIA D2-
and D4-brane superalgebra is rewritten in a ten-dimensional covariant form and the D3-brane charges
ΣABC are completely determined in terms of the charges in the M-algebra:
D3-brane ΣABC ⇔


Πˆabc = (Πˆijk = Π♮♯ijk, Πˆ♯ij = −Πij),
Πˆabbα = (Πˆijα = Π♮♯ijα , Πˆ♯iα = Πiα),
Πˆaαβ = (Πˆiαβ = Π♮♯iαβ , Πˆ♯αβ = −Παβ ),
Πˆαβγ = Π♮♯αβγ .
(4.4)
The S-duality, which is a modular transformation on T 2 spanned by (♮, ♯), generalizes to include new
fermionic generators Σabα , Σaαβ and Σαβγ . We obtain the D3-brane superalgebra (dropping hats)
found in (3.22). Jacobi identities are satisfied due to
(γabc)α˜(β(γ
c)γδ) + 2(γ
[a)α˜(β(γ
b])γδ) = 0, (4.5)
which is the characteristic identity of D3-branes, and encountered in (2.18) in the CE cohomology
classification of IIB-branes.
The S-duality was expressed as a set of transformations of supercurrents: (3.21) and (3.34), which
is a generalization of the R-symmetry. We find that these transformations leave the MC equations
(3.22) for D3-branes invariant. The S-duality associated with the generalized R-symmetry is realized
as an automorphism of our algebra.
Interestingly, we find that the existence of the D3-brane charges ZABC in the superalgebra nec-
essarily requires the presence of the F-string charges ZA and the D-string charges ΣA, while the N=1
p-brane superalgebra [13] is generated by supertranslation and p-brane charges. This is a character-
istic feature of our superalgebras. This is consistent with the fact that the WZ terms for D3-branes
are composed of the spacetime gauge potentials which couple to D3-branes, D-strings and F-strings,
or that the gauge field strength of the four-form gauge potential which couples to D3-branes contains
the gauge potentials which couple to D-strings and F-strings.
The D3-brane superalgebra contains the F- and D-string superalgebras as subalgebras. In addi-
tion, the D3-brane superalgebra contains various subalgebras. We assign a degree (p; q, q˜) to the dual
form Πa1···apα1···αq β˜1···β˜q˜ of generators. Under an operation of the differential d, the forms with degree
(p; q, q˜) transform to those with degree:
(p+ 2; q − 2, q˜), (p + 2; q, q˜ − 2),
(p+ 1; q − 2, q˜ + 1), (p+ 1; q − 1, q˜), (p + 1; q, q˜ − 1), (p+ 1; q + 1, q˜ − 2), (4.6)
and those with degree (p′; q′, q˜′) where p′ + q′ + q˜′ = 1. In order to close an algebra, Jacobi identities,
or equivalently d2 = 0, must be satisfied. A subalgebra is generated by the forms with degree (p; q, q˜),
those with degree (4.6) and those obtained by differentiating the forms with degree (4.6). The new
generators Σαβγ are the centers of the D3-brane superalgebra sP [ZA,ΣA,ΣABC ], and the new gener-
ators Σaαβ are the centers of the subalgebra sP [ZA,ΣA,ΣaAB ], and so on. In addition, Zα , Σα and
Σabc are center of the algebra sP [ZA,ΣA,Σabc]. In general, letting g be a Lie algebra, the sequences
h0, h1, · · · defined by h0 ≡ g, h1 ≡ [g, h], h2 ≡ [g, h1], · · · , hn ≡ [g, hn−1], · · · , is called the descending
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central sequence. These satisfy h0 ⊃ h1 ⊃ h2 ⊃ · · · ⊃ hn ⊃ · · · and h0, h1, h2, · · · are ideals in g.
In our case, the descending central sequence is h0 = sP [ZA,ΣA,ΣABC ], h1 = {Pa, ZA,ΣA,ΣABC},
h2 = {Zα ,Σα ,ΣαAB}, h3 = {ΣαβA}, h4 = {Σαβγ} and h5 = {0}. Our algebra is nilpotent and ide-
als h1, h2, h3 and h4 are said to be proper. Especially, h4 is abelian ideal, said to be the center in
sP [ZA,ΣA,ΣABC ]. For a given ideal I, the quotient Lie algebra is defined by g/ ∼, where ∼ denotes
the equivalent relation: x ∼ x + I for x ∈ g. The quotient Lie algebra g/ ∼ is a subalgebra of g. It
follows that the D3-brane superalgebra contains various subalgebras:
sP [ZA,ΣA,ΣABC ] ⊃


sP [ZA,ΣA,
(ΣαβγΣαβγ˜Σαβ˜γ˜
ΣABa
)
]
...
sP [ZA,ΣA,
( Σαβγ˜Σαβ˜γ˜Σα˜β˜γ˜
ΣABa
)
]
⊃ · · · ⊃ sP [ZA,ΣA,ΣABa] ⊃
⊃


sP [ZA,ΣA,
(ΣaαβΣaαβ˜
ΣAab
)
]
...
sP [ZA,ΣA,
( Σaαβ˜Σaα˜β˜
ΣAab
)
]
⊃ · · · ⊃ sP [ZA,ΣA,ΣAab] ⊃
{
sP [ZA,ΣA,
(
Σabα
Σabc
)
]
sP [ZA,ΣA,
( Σabα˜
Σabc
)
]
⊃
⊃ sP [ZA,ΣA,Σabc] ⊃
{
sP [ZA,ΣA]
⊃ · · · ⊃ sP [Za,Σa,Σabc] ⊃ · · · ⊃ sP. (4.7)
4.4 D5-branes
The D5-brane is related to the unwrapped D4-brane and the wrapped D6-brane under a T-duality.
The 126 D5-brane charges with five bosonic charges Σm1···m5 ,mi = 1, · · · , 9, are obtained from the 70
D4-brane charges Z♮p1···p4 and the 56 D6-brane charges Z♮0p1p2p3 , as Σ♯p1···p4 = Z♮p1···p4 and Σp1···p5 ∼
Z♮0p1p2p3 , where “∼” denotes the equivalence modulo the self-duality relation. Thus, the charges
naturally related to those in the IIA superalgebra are not Σm1···m5 but Σ♮i1···i4 . Under the identification
of the D5-brane charges with the charges in the M-algebra,
D5-brane Σ♯I1···I4 ⇔ ΠˆD♯I1···I4 = −Π♮I1···I4 , (4.8)
where I collectively denotes i and α, we find that the resultant superalgebra is rewritten in a ten-
dimensional covariant form. For example, the MC equation
dΠˆD♯i1i2i3α = −Πβ˜Πˆa(γa♯i1i2i3)αβ˜ −ΠβΠˆDa♯i1i2i3(γa)αβ
−4Πβ˜Πˆ[♯(γi1i2i3])αβ˜ + 4ΠβΠˆ[♯i1i2(γi3])αβ (4.9)
is obtained from the IIA D4-brane superalgebra, where hatted forms are defined in (4.1), (4.4) and
(4.8). The corresponding Jacobi identity is found to be satisfied by a (abcd) = (♯i1 · · · i4) part of the
Fierz identity
(φγeφ)(ψγ
abcdeφ)− 4(φγ[aφ)(ψγbcd]φ) = 0, (4.10)
which is appeared in (2.19) in the CE cohomology classification of IIB-branes. It follows from this fact
that the obtained superalgebra can be lifted into a ten-dimensional covariant form. In addition, the
superalgebra can be expressed in terms of SO(2) doublets of the supercurrents: ΠDa1···a4α =
(ΠDa1···a4α˜
ΠDa1···a4α
)
etc. As a result, we obtain the MC equations for the D5-brane charges (A.1)∼(A.5) in the appendix
A.
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In order to construct the supersymmetric form of the WZ term for D5-branes, we need the charges
with five spinorial indices Σα1···α5 . However, the charges with five spinorial indices obtained by a T-
duality from the IIA superalgebra, or equivalently the M-algebra, turn out to be the IIB KK5-brane
charges, as will be seen in sec.4.6. We here introduce the corresponding generators to the algebra for
D5-branes. Let us note that under an operation of a differential d, the degree (p; q, q˜) of the form of
the D5-brane superalgebra is transformed into a set of the D5-brane charges with degree (4.6). This is
a universal property of our superalgebra: F-string, D-string, D3-brane and D5-brane. The D5-brane
superalgebra supplied with Σα1···α5 turns out to possess this property too. This property helps us to
construct the MC equations for the charges with five spinorial indices. We can construct the Maurer-
Cartan equation (A.6). We find again that the existence of the D5-brane charges necessarily requires
the existence of the charges of superalgebra generated by supertranslations F-strings, D-strings and
D3-branes. This is consistent with the form of the WZ term for D5-branes, or of the seven-form field
strength H(7) of the six-form R⊗R gauge potential C(6).
The D5-brane superalgebra contains various subalgebras. The descending central series are h0 =
sP [ZA,ΣA,ΣABC ,ΣA1···A5 ], h1 = {Pa, ZA,ΣA,ΣABC ,ΣA1···A5}, h2 = {Zα ,Σα ,ΣαAB ,ΣαA1···A4}, h3 =
{ΣαβA,ΣαβA1A2A3}, h4 = {Σαβγ ,ΣαβγA1A2}, h5 = {Σα1···α4A}, h6 = {Σα1···α5}, h7 = {0}. These are
the ideals of our algebra, and h6 is the center of sP [ZA,ΣA,ΣABC ,ΣA1···A5 ]. The generators Σaα1···α4
are the centers of the subalgebra sP [ZA,ΣA,ΣABC ,ΣaA1···A4 ], and so on. It follows from this fact that
sP [ZA,ΣA,ΣABC ,ΣA1···A5 ] ⊃


sP [ZA,ΣA,ΣABC ,
(Σα1···α5 ···Σαβ˜1···β˜4
ΣA1···A4a
)
]
...
sP [ZA,ΣA,ΣABC
( Σα1···α4β˜ ···Σβ˜1···β˜5
ΣA1···A4a
)
]
⊃ · · · ⊃
⊃ sP [ZA,ΣA,ΣABC ,ΣA1···A4a] ⊃ · · · ⊃ sP [ZA,ΣA,ΣABC ,Σa1···a5 ] ⊃
⊃
{
sP [ZA,ΣA,ΣABC ]
⊃ · · · ⊃ sP [Za,Σa,Σabc,Σa1···a5 ] ⊃ · · · ⊃ sP. (4.11)
4.5 NS5-branes
As is well known, under a T-duality: R ↔ l2s/R and gs ↔ lsgs/R, where gs and ls denote the string
coupling and the string length, respectively, and R is the radius of the ♯-direction, the tension R/g2s l
6
s
of the wrapped IIA NS5-brane is transformed into the tension R/g2s l
6
s of the wrapped IIB NS5-brane.
The tension R2/g2s l
8
s of the IIA KK5-brane, with the R identified with the radius of the S
1 of the Taub-
NUT geometry, is transformed into the tension 1/g2s l
6
s of the unwrapped IIB NS5-brane. The 126 IIB
NS5-brane charges with five bosonic indices Zm1···m5 are obtained from to the 70 IIA NS5-brane charges
Z♯p1···p4 and the 56 IIA KK5-brane charges Z♯0p1p2p3 , as Z♯p1···p4 = Z♯p1···p4 and Zp1···p5 ∼ Z♯0p1p2p3 ,
where “∼” denotes the equivalence modulo the self-duality relation. The charges naturally related to
those in the IIA superalgebra are not Zm1···m5 but Z♯i1···i4 . Under the identification of the charges of
the M-algebra with those in NS5-brane superalgebra:
NS5-brane Z♯I1···I4 ⇔ ΠˆNS♯I1···I4 = Π♯I1···I4 . (4.12)
we find that the algebra is lifted into a ten-dimensional covariant form. For example, the equation
dΠˆNS♯i1i2i3α = Π
βΠˆa(γa♯i1i2i3)αβ +Π
βΠˆNSa♯i1i2i3(γ
a)αβ
−4Πβ˜Πˆ′[♯(γi1i2i3])αβ˜ + 4Πβ˜Πˆ[i1i2(γi3])αβ˜ (4.13)
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is obtained by a T-duality, where hatted forms are defined in (4.1), (4.4) and (4.12). The corresponding
Jacobi identities are satisfied by (abcd) = (♯i1i2i3) part of the Fierz identity in ten-dimensions
(φγeφ)(ψγ
abcdeψ) − (ψγeψ)(φγabcdeφ) + 16(φγ[a)(φγbcd]ψ) = 0, (4.14)
which is (2.34) in the CE cohomology classification of IIB-branes. It follows from this fact that the
superalgebra can be lifted into a ten-dimensional covariant form. The resulting MC equations are
found to be expressed in terms of SO(2) doublets of the supercurrents: ΠNSa1···a4α =
(ΠNSa1···a4α˜
ΠNSa1···a4α
)
as the
NS5-brane superalgebra listed in (B.1) ∼(B.5) in the appendix B.
In order to construct the supersymmetric WZ term for NS5-branes, we supply the superalgebra
with the charges with five spinorial indices Zα1···α5 . Noting that the MC equations for NS5-branes
(B.1)∼(B.5) possess the property that the charges with degree (p; q, q˜) transform into those with degree
(4.6), we find the MC equation (B.6) in the appendix B.
We find that the existence of the NS5-brane charges in the superalgebra necessarily requires the
presence of the charges of F-strings, D-strings and D3-branes. This is consistent with the form of
the WZ term for NS5-branes, or of the seven-form field strength G(7) of the six-form NS⊗NS gauge
potential B(6). The NS5-brane superalgebra contains various subalgebras, which is expressed as (4.11)
with replacing the D5-brane charges ΣA1···A5 with the NS5-brane charges ZA1···A5 .
The S-duality was given by a set of transformations of supercurrents (3.21), (3.34) and (3.48). We
can show that under these transformations the NS5-brane superalgebra is mapped to the D5-brane su-
peralgebra, and thus the S-duality is realized as an automorphism of sP [ZA,ΣA,ΣABC , ZA1···A5 ,ΣA1···A5 ].
4.6 KK5-branes
Under a T-duality, the tension 1/g2s l
6
s of the unwrapped IIA NS5-brane is transformed into the tension
R2/g2s l
8
s of the IIB KK5-brane with the R identified with the radius RTN of the S
1 in the Taub-NUT
geometry. The tension RR2TN/g
2
s l
8
s of the wrapped IIA KK5-brane is transformed into the tension
RR2TN/g
2
s l
8
s of the wrapped IIB KK5-brane. The 126 IIB KK5-brane charges with five bosonic indices
Z0m1···m4 are related to the 56 IIA NS5-brane charges Zp1···p5 and the 70 IIA KK5-brane charges
Z0p1···p4 as Z0♯p1p2p3 ∼ Zp1···p5 and Z0p1···p4 = Z0p1···p4 , where “∼” denotes the equivalence modulo the
self-duality relation. The charges naturally related to those in the IIA superalgebra are not Z0m1···m4
but Zi1···i5 . As was mentioned before, the algebra obtained by a T-duality is not rewritten in a
covariant form. The MC equations for the KK5-brane charges are found in the appendix C. The
identification of the IIB KK5-brane charges with the M5-brane charges are
KK5-brane P I1···I5 ⇔ ΠKKI1···I5 = ΠI1···I5 . (4.15)
The characteristic identity5 for the KK5-branes is found to be
(γj1)αβ (γji1···i41)γδ + (γ♯σ3)αβ(γ♯i1···i4σ3)γδ + (γ
♯σ1)αβ(γ♯i1···i4σ1)γδ
−3(γ♯i1i2iσ2)αβ (γ♯i3i4iσ2)γδ = 0. (4.16)
5Summing up with respect to ♯ = 0, · · · , 9 except for i1, · · · , i4, the covariant identity is obtained as
(φγeφ)(ψγ
abcde
ψ) + (ψγeψ)(φγ
abcde
φ) + (φγeψ)(ψγ
abcde
φ) + 3(φγe[abψ)(ψγe
cd]
φ) = 0.
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Under the S-duality transformation of supercurrents: (3.21), (3.34), (3.48) and
ΠKKi1···i5 → ΠKKi1···i5 , ΠKKi1···i4α → ΠKKi1···i4(σα), ΠKKi1i2i3α1α2 → ΠKKi1i2i3(σα1)(σα2),
ΠKKi1i2α1α2α3 → ΠKKi1i2(σα1)(σα2)(σα3), ΠKKiα1···α4 → ΠKKi(σα1)···(σα4), ΠKKα1···α5 → ΠKK(σα1)···(σα5), (4.17)
the MC equations (C.1)∼(C.6) for the KK5-brane charges stay invariant. We find that the exis-
tence of the KK5-brane charges in the algebra necessarily requires the presence of the charges of
D-strings, F-strings, D3-branes, D5-branes and NS5-branes. The descending central series are h0 =
sP [ZA,ΣA,ΣABC ,ΣA1···A5 , ZA1···A5 , P I1···I5 ], h1 = {Pa, ZA,ΣA,ΣABC ,ΣA1···A5 , ZA1···A5 , P I1···I5}, h2 =
{Zα ,Σα,ΣαAB,ΣαA1···A4 , ZαA1···A4 , PαI1···I4}, h3 = {ΣαβA,ΣαβA1A2A3 , ZαβA1A2A3 , PαβI1I2I3}, h4 =
{Σαβγ ,ΣαβγAB, ZαβγAB , PαβγIJ}, h5 = {Σα1···α4A, Zα1···α4A, Pα1···α4I}, h6 = {Σα1···α5 , Zα1···α5 , Pα1···α5},
h7 = {0}. These are the ideals of our algebra, and h6 is the center of the KK5-brane superalgebra
sP [ZA,ΣA,ΣABC ,ΣA1···A5 , ZA1···A5 , P I1···I5 ]. Considering quotient algebras, one obtains various sub-
algebras.
In summary, we have obtained the IIB-brane superalgebra. The S-duality is realized as an au-
tomorphism of our algebra. The generators of the M-algebra are mapped to those of the IIB-brane
superalgebra, except for the D5-brane charge Σα1···α5 and the NS5-brane charge Zα1···α5 .
5. A Description In Twelve-Dimensions
In the previous section, we obtained the IIB-brane superalgebra in presence of all of the F-strings,
D-strings, D3-branes, D5-branes, NS5-branes and KK5-branes. The S-duality is found to be realized
as an automorphism of our superalgebra which was the generalized SO(2) R-symmetry. In this section
we show this SO(2) symmetry is geometrically realized in twelve-dimensions with signature (11,1).
As the twelve-dimensional Γ-matrices, we define the real representation of Spin(11,1) using ten-
dimensional γ-matrices as:
Γa = γa ⊗ σ3, Γ♮ = γ♮ ⊗ σ3, Γ♭ = 1⊗ σ1. (5.1)
The charge conjugation matrix C in twelve-dimensions is related to one in ten-dimensions c as C =
c⊗ σ3. It follows that
(γa1)αβ = (Γ
a)αβ , (γ
aσ3)αβ = (Γ
♮a)αβ , (γ
aσ1)αβ = (Γ
♭a)αβ , (γabciσ2)αβ = (Γ♮♭abc)αβ ,
(γa1···a51)αβ = (Γa1···a5)αβ , (γa1···a5σ1)αβ = (Γ♭a1···a5)αβ , (γa1···a5σ3)αβ = (Γ♮a1···a5)αβ . (5.2)
In (11 + 1)-dimensions, p-branes with p = 1, 2 mod 4 can exist since (Γµ1···µp)αβ is symmetric with
respect to α and β when p = 1, 2 mod 4. Writing the p-form charges in twelve-dimensions as Zµ1···µp ,
we find that the IIB-brane charges are expressed in terms of Zµ1···µp as
ZA ⇔ ΠˆA =ΠA, Supertranslation
Z♮A ⇔ Πˆ♮A =−ΠA, F-string
Z♭A ⇔ Πˆ♭A =ΠA′, D-string
Z♮♭ABC ⇔ Πˆ♮♭ABC =ΠABC , D3-brane
ZA1···A5 ⇔ ΠˆA1···A5 =ΠKKA1···A5 , KK5-brane
Z♮A1···A5 ⇔ Πˆ♮A1···A5 =−ΠNSA1···A5 , NS5-brane
Z♭A1···A5 ⇔ Πˆ♭A1···A5 =ΠDA1···A5 , D5-brane
(5.3)
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11+1 Supertranslation 2-brane 5-brane 6-brane
(4)(0)
D-instanton supertranslation
D-string
F-string
M2 M5
KK5
D5
NS5
D3IIB
M P
Figure 1: A unification of the IIB-branes and the M-branes in twelve-dimensions.
where the forms with a caret correspond to the dual forms to the charges of the branes in twelve-
dimensions. These charge assignments imply that the IIB-branes are related to the branes in twelve-
dimensions in such a way that the S-duality is manifestly realized. The relations are depicted in figure
1.
In fact, we can rewrite the MC equations of the IIB-branes as those of the branes in twelve-
dimensions. The MC equations for supertranslations, F-strings and D-strings are found to be rewritten
as (dropping hats)
dΠa = −1
2
ΠαΠβ(Γa)αβ , (5.4)
dΠma = −1
2
ΠαΠβ(Γma)αβ , (5.5)
dΠmα = −ΠβΠma(Γa)αβ −ΠβΠa(Γma)αβ , (5.6)
wherem = ♭, ♮. The F- and D-strings are unified as the ♮- and ♭-wrapped 2-branes in twelve-dimensions,
respectively. Projecting the Majorana spinors in twelve-dimensions to 16+16 Majorana-Weyl spinors
with the same chirality in ten-dimensions, the above MC equations reduce to those of supertransla-
tions, F-strings and D-strings. The D3-branes are described as the (♮, ♭)-wrapped 5-branes. The MC
equations are found to be rewritten as
dΠm1m2abc =
1
2
ΠαΠβ (Γm1m2abc)αβ , (5.7)
dΠm1m2abα = Π
βΠm1m2abc(Γ
c)αβ −ΠβΠc(Γm1m2abc)αβ + 6ΠβΠm1m2(Γab)αβ , (5.8)
dΠm1m2aαβ = −
1
2
Πm1m2abcΠ
b(Γc)αβ +
1
4
Πm1m2abγΠ
γ (Γb)αβ + 2Πm1m2abαΠ
γ (Γb)βγ
−1
2
ΠbΠc(Γm1m2abc)αβ +
3
2
ΠbΠm1b(Γm2a)αβ + 3Π
bΠm1m2(Γab)αβ
+
3
4
ΠγΠm1γ (Γm2a)αβ −
3
2
Πm1m2Πab(Γ
b)αβ + 6Π
γΠm1α(Γm2a)βγ , (5.9)
dΠm1m2α1α2α3 = 2Π
aΠm1m2abα(Γ
b)α2α2 +Π
βΠm1m2aβα1(Γ
a)α2α3 + 5Π
βΠm1m2aα1α2(Γ
a)α3β
−6Πm1aΠm2α1(Γa)α2α3 + 10ΠaΠm1α1(Γm2a)α2α3 , (5.10)
where it is understood that the symmetries of indices on the left hand side are to be implemented
on the right hand side with unit weight (anti) symmetrizations. Projecting the Majorana spinors
in twelve-dimensions to the Majorana-Weyl spinors with the same chirality in ten-dimensions, the
above MC equations reduce to those of D3-branes. The IIB KK5-brane are expected to be described
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as the 5-branes in twelve-dimensions. The MC equations (C.1)∼(C.6) for KK5-branes are rewritten
in such a way that the S-duality is geometrically realized. The MC equation (C.1) is rewritten as
dΠi1···i5 = −12ΠαΠβ(Γi1···i5)αβ , which is similar to (5.7). We expect that the MC equations for 5-
branes in twelve-dimensions are composed of (5.7)∼(5.10) and the MC equations, which is obtained
by lifting the MC equations for KK5-branes into twelve-dimensions.
For NS5- and D5-branes, the corresponding MC equations are found to be rewritten as
dΠma1···a5 = −
1
2
ΠαΠβ(Γma1···a5)αβ , (5.11)
dΠma1···a4α = Π
βΠma1···a4b(Γ
b)αβ + 5Π
βΠnma1a2a3(Γ
n
a4)αβ +Π
βΠb(Γma1···a4b)αβ
−5ΠβΠnm(Γna1···a4)αβ , (5.12)
dΠma1a2a3αβ = −
1
2
Πma1a2a3bcΠ
b(Γc)αβ +
1
4
Πma1a2a3bγΠ
γ (Γb)αβ + 2Πma1a2a3bαΠ
γ (Γb)βγ
+2ΠbΠnbma1a2(Γ
n
a3)αβ +Π
bΠnma1a2a3(Γ
n
b)αβ + 2Πn1bma1a2Πn2a3δ
n1n2(Γb)αβ
+
1
2
Πn1bΠn2ma1a2a3δ
n1n2(Γb)αβ +Π
γΠnma1a2γ (Γ
n
a3)αβ + 8Π
γΠnma1a2α(Γ
n
a3)βγ
−6ΠnmΠa2a3(Γna3)αβ − 2ΠγΠnα(Γnma1a2a3)βγ +
1
2
ΠbΠc(Γma1a2a3bc)αβ
−6Πn1mΠn2a1δn1n2(Γa2a3)αβ −
1
2
ΠbΠnb(Γ
n
ma1a2a3)αβ − 4ΠbΠnm(Γna1a2a3b)αβ
−1
4
ΠγΠnγ (Γ
n
ma1a2a3)αβ , (5.13)
dΠma1a2α1α2α3 = 2Π
bΠma1a2bcα1(Γ
c)α2α3 +Π
βΠma1a2bβα1(Γ
b)α2α3 + 5Π
βΠma1a2bα1α2(Γ
b)α3β
+6Πn1mΠn2a1a2bα1δ
n1n2(Γb)α2α3 + 3Πn1bΠn2ma1a2α1δ
n1n2(Γb)α2α3
−6ΠbΠnbma1α1(Γna2)α2α3 + 5ΠbΠnma1a2α1(Γnb)α2α3 + 3ΠβΠnma1βα1(Γna2)α2α3
+15ΠβΠnma1α1α2(Γ
n
a2)α3β + 3Πn1ma1a2bΠn2α1δ
n1n2(Γb)α2α3
+9Πma1Πnα1(Γ
n
a2)α2α3 − 12Πmα1Πna1(Γna2)α2α3 + 15Πn1mΠn2α1δn1n2(Γa1a2)α2α3
−5ΠbΠnα1(Γnma1a2b)α2α3 , (5.14)
dΠmaα1···α4 = −ΠbΠmabcα1α2(Γc)α3α4 −
3
10
ΠβΠmabβα1α2(Γ
b)α3α4 −
6
5
ΠβΠmabα1α2α3(Γ
b)α4β
+2Πn1mΠn2abα1α2δ
n1n2(Γb)α3α4 − 2Πn1bΠn2maα1α2δn1n2(Γb)α3α4
+2ΠbΠnmbα1α2(Γ
n
a)α3α4 − 3ΠbΠnmaα1α2(Γnb)α3α4 −
3
5
ΠβΠnmβα1α2(Γ
n
a)α3α4
−12
5
ΠβΠnmα1α2α3(Γ
n
a)α4β + 3Πn1mabα1Πn2α2δ
n1n2(Γb)α3α4
−6Πmα1Πnα2(Γna)α3α4
+3Πn1α1Πn2α2δ
n1n2(Γma)α3α4 , (5.15)
dΠmα1···α5 = −
35
6
ΠβΠmaα1···α4(Γ
a)α5β −
5
3
ΠβΠmaβα1α2α3(Γ
a)α4α5 +Π
aΠmabα1α2α3(Γ
b)α4α5
+
7
2
ΠaΠnmα1α2α3(Γ
n
a)α4α5 +
5
2
Πn1aΠn2mα1α2α3δ
n1n2(Γa)α4α5
−15
2
Πn1α1Πn2maα2α3δ
n1n2(Γa)α4α5 . (5.16)
The NS5- and D5-branes are unified as the ♭- and ♮-wrapped 6-branes in twelve-dimensions, respec-
tively. In this way, we find (non-covariant) twelve-dimensional description of the IIB-branes.
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The superalgebra is essentially ten-dimensional. In order to unify the M-algebra and the IIB-
brane superalgebra, one must lift the superalgebra to a superalgebra with the eleven-dimensional
covariance. The relation of the branes in twelve-dimensions to the M-branes are described in figure 1.
The eleven-dimensional supertranslations are described in terms of ZM . The 2- and 5-brane charges
ZMN and ZM1···M5 turn out to be the corresponding part of M2- and M5-branes. One finds that in
order to describe the full M-algebra, we must add the charge Zαβ to the superalgebra obtained from
the IIB superalgebra. We do not give the unified superalgebra here, but we expect that IIB-branes
and M-branes will be unified in (11+1)-dimensions.
6. Summary and Discussions
We have shown that the WZ terms of Dp- and NSp-branes in the type-IIB theory are characterized
by non-trivial Chevalley-Eilenberg (p+2)-cocycles. The total actions are equivalent to those obtained
in [19] and κ-invariant. These WZ terms are shown to be constructed in a manifestly supersymmetric
way by introducing a set of new spacetime superalgebras. Using these superalgebras, we have shown
that Siegel’s formulation generalizes to the D3-branes, the D5-branes and the NS5-branes. Namely,
using the supercurrents on the supergroup manifolds corresponding to the new superalgebras, we
wrote down the WZ terms, which are (p + 2)-th order in the supercurrents (p = 5 for the D3-branes
and p = 7 for the D5- and NS5-branes).
The relations of these superalgebras to the M-algebra are discussed. The D5- and NS5-brane su-
peralgebras contain generators with five spinorial indices, which can not be related to the M-algebra.
In order to construct the manifestly superinvariant WZ terms, these charges must be added. We
have established the IIB-brane superalgebra with maximal “central” extension which is generated by
generators: supertranslations QA, D-strings Σ
A, F-strings ZA, D3-branes ΣABC , D5-branes ΣA1···A5 ,
NS5-branes ZA1···A5 and KK5-branes P I1···I5 . The superalgebra enjoys the S-duality, or generalized
SO(2) R-symmetry as an automorphism of the algebra. This SO(2)-symmetry is found to be geomet-
rically realized in twelve-dimensions with signature (11,1).
We expect that our formulation generalizes to the higher branes: KK5-, D7-, NS7-, D9- and
NS9-branes. The D7- and NS7-brane charges will be contained in ΣABC , and the D9- and NS9-brane
charges in ΣA and ZA, respectively. We have presented the IIB-brane superalgebra generated by these
generators, but the construction of the corresponding WZ terms are left for the future investigations.
We have classified IIB NS/Dp-branes by CE cohomology (p+ 2)-cocycles. It is interesting for us
to consider whether the CE cohomology classification of KK5-branes can be achieved. One wishes to
know the physical meaning of the new generators with spinorial indices. In [18], the corresponding
Noether charges are obtained and found to probe the topology of the ordinary superspace. The same
will be true for our models too. In [17], SO(2,1)∼=SL(2,R) covariant IIB superalgebra was discovered.
There, translations Pa, F-strings Z
a and D-strings Σa formed a SO(2,1) triplet. It is interesting for us
to construct SO(2,1) covariant superalgebra which contains charges of KK5-branes, NS5-branes and
D5-branes as a SO(2,1) triplet. If this is achieved, new geometric formulation of (p, q) 5-branes will
be given.
Our formulation will be generalized to the case where the target space is curved. For example,
one considers the Green-Schwarz superstring actions on anti-de Sitter spaces: AdS3 × S3, AdS5 × S5,
etc. The corresponding coset superspaces are SU(1,1|2)L×SU(1,1|2)RSO(2,1)×SO(3) for the GS strings on AdS3 × S3
and SU(2,2|4)SO(4,1)×SO(5) for the GS strings on AdS5 × S5. In order for our formulation to generalize to
these cases, the supergroups SU(1, 1|2)L ×SU(1, 1|2)R or SU(2, 2|4) must be extended including new
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generators. If this is achieved, the new coordinates corresponding to new generators will be contained
in a surface term. We hope that the physical meaning of the new coordinates will be revealed with
considering these models, and our formulation will shed some light on the various string dualities.
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A. D5-Brane Superalgebra
The D5-brane superalgebra is generated by supertranslations QA, D-strings Σ
A, F-strings ZA, D3-
branes ΣABC and D5-branes ΣA1···A5 . The MC equations corresponding to the D5-branes are (3.13),
(3.14), (3.17), (3.22) and
dΠDa1···a5 = −
1
2
ΠαΠβ (γa1···a5σ1)αβ , (A.1)
dΠDa1···a4α = Π
βΠDa1···a4b(γ
b1)αβ + 4Π
βΠa1a2a3(γa4σ3)αβ +Π
βΠb(γa1···a4bσ1)αβ
−4ΠβΠa1(γa2a3a4iσ2)αβ , (A.2)
dΠDa1a2a3αβ = −
1
2
ΠDa1a2a3bcΠ
b(γc1)αβ +
1
4
ΠDa1a2a3bγΠ
γ (γb1)αβ + 2Π
D
a1a2a3bαΠ
γ (γb1)βγ
−3
2
ΠbΠba1a2(γa3σ3)αβ +Π
bΠa1a2a3(γbσ3)αβ +
3
2
Πba1a2Πa3(γ
b1)αβ
−1
2
ΠbΠa1a2a3(γ
b1)αβ +
3
4
ΠγΠa1a2γ (γa3σ3)αβ + 6Π
γΠa1a2α(γa3σ3)βγ
−3Πa1Πa2 ′(γa3σ3)αβ + 2ΠγΠα(γa1a2a3iσ2)βγ +
1
2
ΠbΠc(γa1a2a3bcσ1)αβ
−3Πa1Πa2(γa3σ1)αβ +
1
2
ΠbΠb(γa1a2a3iσ2)αβ − 3ΠbΠa1(γa2a3biσ2)αβ
+
1
4
ΠγΠγ (γa1a2a3 iσ2)αβ , (A.3)
dΠDa1a2α1α2α3 = 2Π
bΠDa1a2bcα1(γ
c1)α2α3 +Π
βΠDa1a2bβα1(γ
b1)α2α3 + 5Π
βΠDa1a2bα1α2(γ
b1)α3β
+4Πa1Πa2bα1(γ
b1)α2α3 − 3ΠbΠa1a2α1(γb1)α2α3 + 4ΠbΠba1α1(γa2σ3)α2α3
+5ΠbΠa1a2α1(γbσ3)α2α3 + 2Π
βΠa1βα1(γa2σ3)α2α3 + 10Π
βΠa1α1α2(γa2σ3)α3β
−3Πa1a2bΠα1(γb1)α2α3 − 6Πa1 ′Πα1(γa2σ3)α2α3 + 4Πα1 ′Πa1(γa2σ3)α2α3
+5ΠbΠα1(γa1a2biσ2)α2α3 − 10Πa1Πα1(γa2σ1)α2α3 , (A.4)
dΠDaα1···α4 = −ΠbΠDabcα1α2(γc1)α3α4 −
3
10
ΠβΠDabβα1α2(γ
b1)α3α4 −
6
5
ΠβΠDabα1α2α3(γ
b1)α4β
+ΠaΠbα1α2(γ
b1)α3α4 + 2ΠbΠaα1α2(γ
b1)α3α4 +Π
bΠbα1α2(γaσ3)α3α4
−3ΠbΠaα1α2(γbσ3)α3α4 −
3
10
ΠβΠβα1α2(γaσ3)α3α4 −
6
5
ΠβΠα1α2α3(γaσ3)α4β
−3Πabα1Πα2(γb1)α3α4 + 3Πα1 ′Πα2(γaσ3)α3α4 + 3Πα1Πα2(γaσ1)α3α4 (A.5)
dΠDα1···α5 = −
35
6
ΠβΠDaα1···α4(γ
a1)α5β −
5
3
ΠβΠDaβα1α2α3(γ
a1)α4α5 +Π
aΠDabα1α2α3(γ
b1)α4α5
+
7
2
ΠaΠα1α2α3(γaσ3)α4α5 −
5
2
ΠaΠα1α2α3(γ
a1)α4α5 +
15
2
Πα1Πaα2α3(γ
a1)α4α5 .(A.6)
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B. NS5-Brane Superalgebra
The NS5-brane superalgebra is generated by supertranslations QA, D-strings Σ
A, F-strings ZA, D3-
branes ΣABC and NS5-branes ZA1···A5 . The MC equations corresponding to the NS5-branes are (3.13),
(3.14), (3.17), (3.22) and
dΠNSa1···a5 = +
1
2
ΠαΠβ(γa1···a5σ3)αβ , (B.1)
dΠNSa1···a4α = Π
βΠNSa1···a4b(γ
bσ3)αβ + 4Π
βΠa1a2a3(γa4σ1)αβ −ΠβΠb(γa1···a4bσ3)αβ
+4ΠβΠa1
′(γa2a3a4iσ2)αβ , (B.2)
dΠNSa1a2a3αβ = −
1
2
ΠNSa1a2a3bcΠ
b(γc1)αβ +
1
4
ΠNSa1a2a3bγΠ
γ (γb1)αβ − 2ΠNSa1a2a3bαΠγ (γb1)βγ
−3
2
ΠbΠba1a2(γa3σ1)αβ +Π
bΠa1a2a3(γbσ1)αβ −
3
2
Πba1a2Πa3
′(γb1)αβ
+
1
2
Πb
′Πa1a2a3(γ
b1)αβ +
3
4
ΠγΠa1a2γ (γa3σ1)αβ + 6Π
γΠa1a2α(γa3σ1)βγ
+3Πa1
′Πa2(γa3σ1)αβ − 2ΠγΠα ′(γa1a2a3iσ2)βγ −
1
2
ΠbΠc(γa1a2a3bcσ3)αβ
+3Πa1
′Πa2
′(γa3σ3)αβ −
1
2
ΠbΠb
′(γa1a2a3iσ2)αβ + 3Π
bΠa1
′(γa2a3biσ2)αβ
−1
4
ΠγΠγ
′(γa1a2a3 iσ2)αβ , (B.3)
dΠNSa1a2α1α2α3 = 2Π
bΠNSa1a2bcα1(γ
c1)α2α3 +Π
βΠNSa1a2bβα1(γ
b1)α2α3 + 5Π
βΠNSa1a2bα1α2(γ
b1)α3β
−4Πa1 ′Πa2bα1(γb1)α2α3 + 3Πb′Πa1a2α1(γb1)α2α3 + 4ΠbΠba1α1(γa2σ1)α2α3
+5ΠbΠa1a2α1(γbσ1)α2α3 + 2Π
βΠa1βα1(γa2σ1)α2α3 + 10Π
βΠa1α1α2(γa2σ1)α3β
+3Πa1a2bΠα1
′(γb1)α2α3 + 6Πa1Πα1
′(γa2σ1)α2α3 − 4Πα1Πa1 ′(γa2σ1)α2α3
−5ΠbΠα1 ′(γa1a2biσ2)α2α3 + 10Πa1 ′Πα1 ′(γa2σ3)α2α3 , (B.4)
dΠNSaα1···α4 = −ΠbΠNSabcα1α2(γc1)α3α4 −
3
10
ΠβΠNSabβα1α2(γ
b1)α3α4 −
6
5
ΠβΠNSabα1α2α3(γ
b1)α4β
−Πa′Πbα1α2(γb1)α3α4 − 2Πb′Πaα1α2(γb1)α3α4 +ΠbΠbα1α2(γaσ1)α3α4
−3ΠbΠaα1α2(γbσ1)α3α4 −
3
10
ΠβΠβα1α2(γaσ1)α3α4 −
6
5
ΠβΠα1α2α3(γaσ1)α4β
+3Πabα1Πα2
′(γb1)α3α4 − 3Πα1Πα2 ′(γaσ1)α3α4 − 3Πα1 ′Πα2 ′(γaσ3)α3α4 , (B.5)
dΠNSα1···α5 = −
35
6
ΠβΠNSaα1···α4(γ
a1)α5β −
5
3
ΠβΠNSaβα1α2α3(γ
a1)α4α5 +Π
aΠNSabα1α2α3(γ
b1)α4α5
+
7
2
ΠaΠα1α2α3(γaσ1)α4α5 +
5
2
Πa
′Πα1α2α3(γ
a1)α4α5 −
15
2
Πα1
′Πaα2α3(γ
a1)α4α5 .(B.6)
C. KK5-Brane Superalgebra
The KK5-brane superalgebra is generated by supertranslations QA, D-strings Σ
A, F-strings ZA, D3-
branes ΣABC , D5-branes ΣA1···A5 , NS5-branes ZA1···A5 and KK5-branes PA1···A5 . The MC equations
needed for the KK5-branes are (3.13), (3.14), (3.17), (3.22), (A.1-A.6), (B.1-B.6) and
dΠKKi1···i5 = −
1
2
ΠαΠβ(γi1···i51)αβ , (C.1)
dΠKKi1···i4α = Π
βΠj(γji1···i41)αβ −ΠβΠ♯(γ♯i1···i4σ3)αβ +ΠβΠ♯′(γi1···i4♯σ1)αβ
+ΠβΠKKji1···i4(γ
j1)αβ −ΠβΠNS♯i1···i4(γ♯σ3)αβ +ΠβΠD♯i1···i4(γ♯σ1)αβ
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+6ΠβΠ♯i1i2(γ♯i3i4iσ2)αβ , (C.2)
dΠKKi1i2i3αβ =
1
2
ΠjΠk(γjki1i2i31)αβ −Π♯Πj(γji1i2i3♯σ3)αβ +Π♯′Πj(γji1i2i3♯σ1)αβ
−1
2
ΠKKi1i2i3jkΠ
j(γk1)αβ +
1
2
ΠNS♯i1i2i3jΠ♯(γ
j1)αβ +
1
2
ΠD♯i1i2i3jΠ♯
′(γj1)αβ
+
1
2
ΠNS♯i1i2i3jΠ
j(γ♯σ3)αβ −
1
2
ΠD♯i1i2i3jΠ
j(γ♯σ1)αβ −
1
2
Πi1i2i3Π♯
′(γ♯σ3)αβ
−1
2
Πi1i2i3Π♯(γ
♯σ1)αβ +
1
4
ΠKKi1i2i3jγΠ
γ (γj1)αβ +
1
4
ΠNS♯i1i2i3γΠ
γ (γ♯σ3)αβ
−1
4
ΠD♯i1i2i3γΠ
γ (γ♯σ1)αβ − 2ΠKKji1i2i3αΠγ (γj1)βγ + 2ΠNS♯i1i2i3αΠγ (γ♯σ3)βγ
−2ΠD♯i1i2i3αΠγ (γ♯σ1)βγ − 3Π♯′Π♯i1i2(γi3σ3)αβ − 3Π♯Π♯i1i2(γi3σ1)αβ
−6ΠγΠ♯i1α(γ♯i2i3iσ2)βγ +
3
2
Π♯ji1Π♯i2i3(γ
j1)αβ +
3
2
Πi1
′Π♯i2i3(γ
♯σ3)αβ
+
3
2
Πi1Π♯i2i3(γ
♯σ1)αβ +Π♯
′Π♯(γi1i2i3iσ2)αβ −
3
2
ΠjΠ♯ji1(γi2i3♯iσ2)αβ
+
3
2
Π♯Πi1
′(γi2i3♯iσ2)αβ −
3
2
Π♯
′Πi1(γi2i3♯iσ2)αβ + 3Π
jΠ♯i1i2(γi3j♯iσ2)αβ
−3
4
ΠγΠ♯i1γ (γi2i3♯iσ2)αβ , (C.3)
dΠKKi1i2α1α2α3 = 2Π
iΠKKi1i2jkα1(γ
k1)α2α3 + 2Π♯Π
NS
♯i1i2jα1(γ
j1)α2α3 + 2Π♯
′ΠD♯i1i2jα1(γ
j1)α2α3
+2ΠjΠNS♯i1i2jα1(γ
♯σ3)α2α3 − 2ΠjΠD♯i1i2jα1(γ♯σ1)α2α3 + 2Π♯′Πi1i2α1(γ♯σ3)α2α3
+2Π♯Πi1i2α1(γ
♯σ1)α2α3 +Π
βΠKKi1i2jβα1(γ
j1)α2α3 −ΠβΠNS♯i1i2βα1(γ♯σ3)α2α3
+ΠβΠD♯i1i2βα1(γ
♯σ1)α2α3 + 5Π
βΠKKi1i2jα1α2(γ
j1)α3β − 5ΠβΠNS♯i1i2α1α2(γ♯σ3)α3β
+5ΠβΠD♯i1i2α1α2(γ
♯σ1)α3β + 10Π♯
′Π♯i1α1(γi2σ3)α2α3 + 10Π♯Π♯i1α1(γi2σ1)α2α3
+5ΠβΠ♯α1α2(γ♯i1i2iσ2)α3β + 6Π♯ji1Π♯i2α1(γ
j1)α2α3 + 6Πi1
′Π♯i2α1(γ
♯σ3)α2α3
+6Πi1Π♯i2α1(γ
♯σ1)α2α3 + 2Π♯jα1Π♯i1i2(γ
j1)α2α3 − 2Πα1 ′Π♯i1i2(γ♯σ3)α2α3
−2Πα1Π♯i1i2(γ♯σ1)α2α3 − 10ΠjΠ♯i1α1(γi2j♯iσ2)α2α3 − 2ΠjΠ♯jα1(γ♯i1i2iσ2)α2α3
−2Π♯Πα1 ′(γ♯i1i2iσ2)α2α3 + 2Π♯′Πα1(γ♯i1i2iσ2)α2α3 +ΠβΠ♯βα1(γ♯i1i2iσ2)α2α3 , (C.4)
dΠKKiα1···α4 = −ΠjΠKKijkα1α2(γk1)α3α4 +ΠjΠNS♯ijα1α2(γ♯σ3)α3α4 −ΠjΠD♯ijα1α2(γ♯σ1)α3α4
+Π♯Π
NS
♯ijα1α2(γ
j1)α3α4 +Π♯
′ΠD♯ijα1α2(γ
j1)α3α4 −Π♯′Πiα1α2(γ♯σ3)α3α4
−Π♯Πiα1α2(γ♯σ1)α3α4 −
3
10
ΠβΠKKijβα1α2(γ
j1)α3α4 −
3
10
ΠβΠNS♯iβα1α2(γ
♯σ3)α3α4
+
3
10
ΠβΠD♯iβα1α2(γ
♯σ1)α3α4 −
6
5
ΠβΠKKijα1α2α3(γ
j1)α4β −
6
5
ΠβΠNS♯iα1α2α3(γ
♯σ3)α4β
+
6
5
ΠβΠD♯iα1α2α3(γ
♯σ1)α4β + 3Π♯
′Π♯α1α2(γiσ3)α3α4 + 3Π♯Π♯α1α2(γiσ1)α3α4
+2Π♯ijΠ♯α1α2(γ
j1)α3α4 − 2Πi′Π♯α1α2(γ♯σ3)α3α4 − 2ΠiΠ♯α1α2(γ♯σ1)α3α4
+3Π♯jα1Π♯iα2(γ
j1)α3α4 − 3Πα1 ′Π♯iα2(γ♯σ3)α3α4 − 3Πα1Π♯iα2(γ♯σ1)α3α4
−3ΠjΠ♯α1α2(γ♯ijiσ2)α3α4 , (C.5)
dΠKKα1···α5 = −
3
5
ΠiΠKKijα1α2α3(γ
j1)α4α5 −
3
5
ΠiΠNS♯iα1α2α3(γ
♯σ3)α4α5 +
3
5
ΠiΠD♯iα1α2α3(γ
♯σ1)α4α5
−3
5
Π♯Π
NS
♯iα1α2α3(γ
i1)α4α5 −
3
5
Π♯
′ΠD♯iα1α2α3(γ
i1)α4α5 −
3
5
Π♯
′Πα1α2α3(γ
♯σ3)α4α5
27
−3
5
Π♯Πα1α2α3(γ
♯σ1)α4α5 +Π
βΠKKiβα1α2α3(γ
i1)α4α5 −ΠβΠNS♯βα1α2α3(γ♯σ3)α4α5
+ΠβΠD♯βα1α2α3(γ
♯σ1)α4α5 +
7
2
ΠβΠKKiα1···α4(γ
i1)α5β −
7
2
ΠβΠNS♯α1···α4(γ
♯σ3)α5β
+
7
2
ΠβΠD♯α1···α4(γ
♯σ1)α5β − 6Π♯iα1Π♯α2α3(γi1)α4α5 + 6Πα1 ′Π♯α2α3(γ♯σ3)α4α5
+6Πα1Π♯α2α3(γ
♯σ1)α4α5 . (C.6)
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